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It is shown that a mixed monotone property in coupled fixed point results can be replaced
by another property which is automatically satisfied in the case of a totally ordered space,
the case which is the most important in applications. Hence, these results can be applied
in a much wider class of problems.
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1. Introduction
The notion of a coupled fixed point was introduced and studied by Opoitsev [1–3] and then by Guo and Lakshmikantham
in [4]. Gnana Bhaskar and Lakshmikantham were the first to study coupled fixed points in connection to contractive type
conditions in [5]. They proved the following
Theorem 1.1 ([5]). Let (X, d,≼) be a partially ordered complete metric space and let F : X × X → X be a continuous mapping
having the mixed monotone property. Assume that there exists a k ∈ [0, 1) such that
d(F(x, y), F(u, v)) ≤ k
2
[d(x, u)+ d(y, v)] (1.1)
holds for all x, y, u, v ∈ X with x ≽ u and y ≼ v. If there exist x0, y0 ∈ X such that x0 ≼ F(x0, y0) and y0 ≽ F(y0, x0), then
there exist x, y ∈ X such that x = F(x, y) and y = F(y, x), i.e. F has a coupled fixed point.
Here, the notion of a mixed monotone property is defined in the following way.
Definition 1.2 ([5]). Let (X,≼) be a partially ordered set and let F : X ×X → X . F is said to have amixed monotone property
if the following two conditions are satisfied:
(∀x1, x2, y ∈ X) x1 ≼ x2 H⇒ F(x1, y) ≼ F(x2, y),
(∀x, y1, y2 ∈ X) y1 ≼ y2 H⇒ F(x, y1) ≽ F(x, y2).
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In subsequent papers many authors proved various coupled and common coupled fixed point theorems in partially
ordered metric spaces [6–11], as well as in partially ordered cone metric spaces [12–14]. All of them used some variant of
themixedmonotone property. These results were applied to investigation of solutions of differential and integral equations.
We will show in this article that a mixed monotone property in coupled fixed point results for mappings in ordered
metric spaces can be replaced by another property which is often easy to check. In particular, it is automatically satisfied
in the case of a totally ordered space, the case which is important in applications. Hence, these results can be applied in a
much wider class of problems.
2. Results
Definition 2.1 ([6]). Let (X, d) be a metric space and let g : X → X, F : X × X → X . The mappings g and F are said to be
compatible if
lim
n→∞ d(gF(xn, yn), F(gxn, gyn)) = 0 and limn→∞ d(gF(yn, xn), F(gyn, gxn)) = 0,
hold whenever {xn} and {yn} are sequences in X such that limn→∞ F(xn, yn) = limn→∞ gxn and limn→∞ F(yn, xn) =
limn→∞ gyn.
If elements x, y of a partially ordered set (X,≼) are comparable (i.e. x ≼ y or y ≼ x holds) we will write x ≍ y. Let
g : X → X and F : X × X → X . We will consider the following condition:
if x, y, u, v ∈ X are such that gx ≍ F(x, y) = gu then F(x, y) ≍ F(u, v). (2.1)
In particular, when g = iX , it reduces to
for all x, y, v, if x ≍ F(x, y) then F(x, y) ≍ F(F(x, y), v). (2.2)
We will show by a simple example that these conditions may be satisfied when F does not have the (g-)mixed monotone
property.
Example 2.2. Let
X = {a, b, c, d}, ≼= {(a, a), (b, b), (c, c), (d, d), (a, b), (c, d)}, F :

(a, y) (b, y) (c, y) (d, y)
b a c d

,
for y ∈ X . Then F does not have the mixed monotone property since a ≼ b and F(a, y) = b ≽ a = F(b, y), while c ≼ d and
F(c, y) = c ≼ d = F(d, y). But, it has property (2.2) since: 1° a ≍ F(a, y) = b and F(a, y) = b ≍ a = F(b, v) = F(F(a, y), v),
and 2° b ≍ a = F(b, y) and F(b, y) = a ≍ b = F(a, v) = F(F(b, y), v) (the other two cases are trivial). A very similar
example can be constructed for property (2.1).
Now, we will prove our main result.
Theorem 2.3. Let (X, d,≼) be a complete partially ordered metric space and let g : X → X and F : X × X → X. Suppose that
the following hold:
(i) g is continuous and g(X) is closed;
(ii) F(X × X) ⊂ g(X) and g and F are compatible;
(iii) g and F satisfy property (2.1);
(iv) there exist x0, y0 ∈ X such that gx0 ≍ F(x0, y0) and gy0 ≍ F(y0, x0);
(v) there exists k ∈ [0, 1) such that for all x, y, u, v ∈ X satisfying gx ≍ gu and gy ≍ gv,
d(F(x, y), F(u, v)) ≤ kmax{d(gx, gu), d(gy, gv)} (2.3)
holds true;
(vi) (a) F is continuous or (b) if xn → x when n →∞ in X, then xn ≍ x for n sufficiently large.
Then there exist u, v ∈ X such that gu = F(u, v) and gv = F(v, u), i.e. g and F have a coupled coincidence point.
Proof. Starting from x0, y0 (condition (iv)) and using that F(X×X) ⊂ g(X) (condition (ii)), construct inductively sequences
{xn} and {yn} in X satisfying
gxn = F(xn−1, yn−1) and gyn = F(yn−1, xn−1) for n = 1, 2, . . . . (2.4)
By (iv), gx0 ≍ F(x0, y0) = gx1 and condition (iii) implies that gx1 = F(x0, y0) ≍ F(x1, y1) = gx2. Proceeding by induction
we get that gxn−1 ≍ gxn and, similarly, gyn−1 ≍ gyn holds for each n ∈ N. Hence, contractive condition (2.3) can be used to
conclude that
d(gxn, gxn+1) = d(F(xn−1, yn−1), F(xn, yn)) ≤ kmax{d(gxn−1, gxn), d(gyn−1, gyn)},
d(gyn, gyn+1) = d(F(yn−1, xn−1), F(yn, xn)) ≤ kmax{d(gyn−1, gyn), d(gxn−1, gxn)},
and hence
max{d(gxn, gxn+1), d(gyn, gyn+1)} ≤ kmax{d(gxn−1, gxn), d(gyn−1, gyn)}
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for each n ∈ N. By induction we get that
max{d(gxn, gxn+1), d(gyn, gyn+1)} ≤ kn max{d(gx0, gx1), d(gy0, gy1)}.
It easily follows that form, n ∈ N,m < n,
d(gxm, gxn) ≤ k
m
1− k max{d(gx0, gx1), d(gy0, gy1)},
and similarly for d(gym, gyn). Thus, {gxn} and {gyn} are Cauchy sequences and, since g(X) is closed in a completemetric space
(condition (i)), there exist u, v ∈ g(X) such that
lim
n→∞ gxn = limn→∞ F(xn, yn) = u and limn→∞ gyn = limn→∞ F(yn, xn) = v.
Compatibility of g and F (condition (ii)) implies that
lim
n→∞ d(gF(xn, yn), F(gxn, gyn)) = 0 and limn→∞ d(gF(yn, xn), F(gyn, gxn)) = 0. (2.5)
Consider the two possibilities given in condition (vi).
(a) Suppose that F is continuous. Using triangle inequality we get that
d(gu, F(gxn, gyn)) ≤ d(gu, gF(xn, yn))+ d(gF(xn, yn), F(gxn, gyn)).
Passing to the limit when n →∞ and using (2.5) and continuity of g and F we get that d(gu, F(u, v)) = 0, i.e. gu = F(u, v).
In a similar way, gv = F(v, u) is obtained.
(b) In this case gxn ≍ u = gx and gyn ≍ v = gy for some x, y ∈ X and n sufficiently large. For such n, using (2.3) we get
d(F(x, y), gx) ≤ d(F(x, y), gxn+1)+ d(gxn+1, gx)
= d(F(x, y), F(xn, yn))+ d(gxn+1, gx)
≤ kmax{d(gx, gxn), d(gy, gyn)} + d(gxn+1, gx)→ 0
when n →∞. Hence, gx = F(x, y) and similarly gy = F(y, x).
Note that in this case continuity and compatibility assumptions were not needed in the proof. 
Remark 2.4. In Theorem 2.3, condition (iii) is a substitution for the mixed monotone property that was used in most of the
coupled fixed point results so far. Note that this condition is trivially satisfied if the order ≼ on X is total, which is the case
in most of the examples in articles mentioned in the bibliography.
Remark 2.5. Since, for k, l ≥ 0, k+ l ≤ 1,
kd(gx, gu)+ ld(gy, gv) ≤ max{d(gx, gu), d(gy, gv)},
Theorem 2.3 remains valid if the right-hand side of condition (2.3) is replaced by kd(gx, gu) + ld(gy, gv), for some k, l ≥
0, k+ l < 1, which reduces to condition (1.1) of Theorem 1.1 if g = iX and k = l.
Putting g = iX in Theorem 2.3 we obtain
Corollary 2.6. Let (X, d,≼) be a partially ordered complete metric space and let F : X × X → X. Suppose that the following
hold:
(i) F satisfies property (2.2);
(ii) there exist x0, y0 ∈ X such that x0 ≍ F(x0, y0) and y0 ≍ F(y0, x0);
(iii) there exists k ∈ [0, 1) such that for all x, y, u, v ∈ X satisfying x ≍ u and y ≍ v,
d(F(x, y), F(u, v)) ≤ kmax{d(x, u), d(y, v)} (2.6)
holds true;
(iv) (a) F is continuous or (b) if xn → x when n →∞ in X, then xn ≍ x for n sufficiently large.
Then there exist x, y ∈ X such that x = F(x, y) and y = F(y, x), i.e. F has a coupled fixed point.
For the given partial order≼ on the set X , we shall denote also by≼ the order on X × X given by
(x1, y1) ≼ (x2, y2) ⇐⇒ x1 ≼ x2 and y1 ≽ y2. (2.7)
Theorem 2.7. In addition to hypotheses of Theorem 2.3 assume that
(vii) for any two elements (x, y), (u, v) ∈ X × X there exists (w, z) ∈ X × X such that (F(w, z), F(z, w)) is comparable to both
(F(x, y), F(y, x)) and (F(u, v), F(v, u)).
Then g and F have a unique common coupled fixed point, i.e. there exists a unique (p, q) ∈ X × X such that p = gp = F(p, q)
and q = gq = F(q, p).
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Proof. Theorem 2.3 implies that there exists (x, y) ∈ X × X such that gx = F(x, y) and gy = F(y, x). Suppose that there is
also (u, v) ∈ X × X such that gu = F(u, v) and gv = F(v, u). We will prove that gx = gu and gy = gv.
Condition (vii) implies that there exists (w, z) ∈ X×X such that (F(w, z), F(z, w)) is comparable to both (F(x, y), F(y, x))
and (F(u, v), F(v, u)). Put w0 = w, z0 = z and, analogously to the proof of Theorem 2.3, choose sequences {wn}, {zn}
satisfying
gwn = F(wn−1, zn−1) and gzn = F(zn−1, wn−1)
for n ∈ N. Starting from x0 = x, y0 = y and u0 = u, v0 = v, choose sequences {xn}, {yn} and {un}, {vn}, satisfying
gxn = F(xn−1, yn−1), gyn = F(yn−1, xn−1) and gun = F(un−1, vn−1), gvn = F(vn−1, un−1) for n ∈ N; taking into account
properties of coincidence points, it is easy to see that this can be done so that xn = x, yn = y and un = u, vn = v, i.e.
gxn = F(x, y), gyn = F(y, x) and gun = F(u, v), gvn = F(v, u) for n ∈ N.
Since (F(x, y), F(y, x)) = (gx, gy) and (F(w, z), F(z, v)) = (gw1, gz1) are comparable, then gx ≍ gw1, gy ≍ gz1 and in a
similar way, gx ≍ gwn, gy ≍ gzn. Thus, we can apply contractive condition (2.3) to obtain
d(gx, gwn+1) = d(F(x, y), F(wn, zn)) ≤ kmax{d(gx, gwn), d(gy, gzn)},
d(gy, gzn+1) = d(F(zn, wn), F(y, x)) ≤ kmax{d(gy, gzn), d(gx, gwn)}.
Hence,
max{d(gx, gwn+1), d(gy, gzn+1)} ≤ kmax{d(gx, gwn), d(gy, gzn)},
and by induction
max{d(gx, gwn+1), d(gy, gzn+1)} ≤ kn max{d(gx, gw1), d(gy, gz1)}.
Passing to the limit when n →∞we get that
lim
n→∞ d(gx, gwn+1) = 0 and limn→∞ d(gy, gzn+1) = 0.
In a completely similar way we obtain that
lim
n→∞ d(gu, gwn+1) = 0 and limn→∞ d(gv, gzn+1) = 0.
The previous four relations, together with the triangle inequality, easily imply that d(gx, gu) = 0 and d(gy, gv) = 0 and so
gx = gu and gy = gv.
Denote now gx = p and gy = q, so we have that
gp = g(gx) = gF(x, y) and gq = g(gy) = gF(y, x). (2.8)
By definition of the sequences {xn} and {yn}we have
gxn = F(x, y) = F(xn−1, yn−1) and gyn = F(y, x) = F(yn−1, xn−1),
and so
F(xn−1, yn−1)→ F(x, y) and gxn → F(x, y),
as well as
F(yn−1, yx−1)→ F(y, x) and gyn → F(y, x).
Compatibility of g and F implies that
d(gF(xn, yn), F(gxn, gyn))→ 0, n →∞,
i.e. gF(x, y) = F(gx, gy). This, together with (2.8) implies that gp = F(p, q) and, in a similar way, gq = F(q, p). Thus, we
have another coincidence, and by the property we have just proved, it follows that gp = gx = p and gq = gy = q. In other
words,
p = gp = F(p, q) and q = gq = F(q, p),
and (p, q) is a common coupled fixed point of g and F . Uniqueness follows easily. 
Example 2.8. Let X = [0, 1]with the usual metric and order. Consider themappings g : X → X and F : X×X → X defined
by
gx = x2, F(x, y) = x
2 + 2y2
4
.
All the conditions of Theorems 2.3 and 2.7 are satisfied. In particular, we will check that g and F are compatible.
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Let {xn} and {yn} be two sequences in X such that
lim
n→∞ gxn = limn→∞ F(xn, yn) = a and limn→∞ gyn = limn→∞ F(yn, xn) = b.
Then a+2b4 = a and b+2a4 = b, wherefrom it follows that a = b = 0. Then
d(gF(xn, yn), F(gxn, gyn)) =


x2n + 2y2n
4
2
− x
4
n + 2y4n
4
→ 0 (n →∞),
and similarly d(gF(yn, xn), F(gyn, gxn))→ 0.
Contractive condition (v) is satisfied with k = 34 , which follows from
d(F(x, y), F(u, v)) =
x2 + 2y24 − u2 + 2v24
 ≤ 14 |x2 − u2| + 24 |y2 − v2|
≤ 3
4
max{|x2 − u2|, |y2 − v2|} = 3
4
max{d(gx, gu), d(gy, gv)}.
There exists a unique common coupled fixed point (0, 0) of the mappings g and F . Note that F does not satisfy the g-mixed
monotone property of [8,6]. Also, g and F do not commute as in [8].
Corollary 2.9. In addition to hypotheses of Corollary 2.6 let condition (vii) of Theorem 2.7 be satisfied. Then the coupled fixed
point of F is unique.Moreover, if for the terms of sequences {xn}, {yn} defined by xn = F(xn−1, yn−1) and yn = F(xn−1, yn−1), xn ≍
yn holds for n sufficiently large, then the coupled fixed point of F has the form (x, x).
Proof. We have only to prove the last statement. Suppose that for n sufficiently large, xn ≍ yn. Then, by (2.3) (with g = iX ),
it follows that d(F(xn, yn), F(yn, xn)) ≤ kd(xn, yn). The triangle inequality implies that
d(x, y) ≤ d(x, xn+1)+ d(xn+1, yn+1)+ d(yn+1, y)
= d(x, xn+1)+ d(F(xn, yn), F(yn, xn))+ d(yn+1, y)
≤ d(x, xn+1)+ kd(xn, yn)+ d(yn+1, y).
Passing to the limit when n →∞, since xn → x and yn → y, we get that (1 − k)d(x, y) ≤ 0 and so d(x, y) = 0 and hence
x = y. 
Example 2.10. Let X = Rwith the usual metric and order. Consider the mapping F : X × X → X defined by
F(x, y) = 1
3
x+ 1
5
y.
All the conditions of Corollary 2.9 are satisfied, the contractive condition with k = 23 , which follows from
d(F(x, y), F(u, v)) =
13 (x− u)+ 15 (y− v)
 ≤ 13 (|x− u| + |y− v|)
≤ 2
3
max{|x− u|, |y− v|} = 2
3
max{d(x, u), d(y, v)}.
There exists a unique coupled fixed point (0, 0) of F . Note that F does not satisfy the mixed monotone property and
[8, Corollary 2.2], as well as [5, Theorem 2.6] cannot be applied to obtain this conclusion.
Remark 2.11. We note that the conclusion of the main Theorem 2.3 remains valid if the set {d(gx, gu), d(gy, gv)} in (2.3) is
replaced by any of the sets
{d(gx, gu), d(gy, gv), d(gx, F(x, y)), d(gu, F(u, v))},
d(gx, gu), d(gy, gv), d(gx, F(x, y)), d(gu, F(u, v)), d(gy, F(y, x)), d(gv, F(v, u)),
1
2
[d(gx, F(u, v))+ d(gu, F(x, y))], 1
2
[d(gy, F(v, u))+ d(gv, F(y, x))]

.
Remark 2.12. Very recently, Berinde showed in [15] that coupled fixed point results can be improved using a weaker
contractive condition than (1.1) and (2.3). Hismethod can also be applied tomore involved results, which is already amatter
of investigation in several submitted articles.
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